We study the unpolarized gluon quasidistribution function in the nucleon at one loop level in the large momentum effective theory. For the quark quasidistribution, power law ultraviolet divergences arise in the cut-off scheme and an important observation is that they all are subjected to Wilson lines. However for the gluon quasidistribution function, we first point out that the linear ultraviolet divergences also exist in the real diagram which is not connected to any Wilson line. We then study the one loop corrections to parton distribution functions in both cut-off scheme and dimensional regularization to deal with the ultraviolet divergences. In addition to the ordinary quark and gluon distributions, we also include the quark to gluon and gluon to quark splitting diagrams. The complete one-loop matching factors between the quasi and light cone parton distribution functions are presented in the cut-off scheme. We derive the P z evolution equation for quasi parton distribution functions, and find that the P z evolution kernels are identical to the DGLAP evolution kernels.
divergences, an approach using the nondipolar Wilson line has been proposed in Ref. [14, 15] ; the other one is Wilson line renormalization by including a "mass" counterterm [31, 35, 36, 38] . On the other side, the direct evaluation of the parton distribution functions have also been performed on the lattice in Refs. [39-44, 48, 49] , and the accuracy is incredibly increasing.
It has been recognized for a long time that the gluon distribution functions are one of the key input parameters for the physics at hadron colliders. In the production of Higgs boson and heavy quarkonium, contributions from gluon PDFs are dominant over the quark ones [1] [2] [3] . For these reasons, it is mandatory to explore the quasi PDF for the gluon in the LaMET, which is still not available yet in the literature. The purpose of this paper is to fill this gap. To do so, we will calculate the perturbative function of gluon quasidistribution at one loop level. Both the cut-off and dimensional regularization scheme are employed in our calculation. We will discuss the difficulties in the application of UV cut-off scheme, and all of the matching functions will be presented in dimensional regularization (DR). The splitting functions are also studied. Based on the matching functions, we derive the P z evolution equation for the parton quasidistributions.
The rest of this paper is organized as follows. In Sec. II, we discuss the one loop results for gluon quasidistribution and light cone distribution in the cut-off scheme. In Sec. III, we give the one loop matching results for parton quasidistributions and light cone distributions at the dimensional regularization scheme (DR). The P z evolution equation of parton quasidistributions is also presented. We summarize in the last section. In the appendix, some calculation details in the cut-off scheme and dimensional regularization are relegated to Sec. A and Sec. B, respectively. In both schemes, we have used the finite gluon mass to regulate the infrared divergences, while in the appendix C, we present the results with the offshellness as an infrared regulator.
II. GLUON QUASIDISTRIBUTION FUNCTION IN LAMET A. Parton distribution functions
PDFs are important inputs to evaluate the hadron scattering cross section in high energy physics. In the case of unpolarized quark distribution in a hadron, the light cone distribution is defined as f q/H (x, µ 2 ) = dξ
where H denotes the hadron, and |P is the hadron state with momentum P , x = k + /P + is the longitudinal momentum fraction.
When discussing light-cone distributions we adopt light-cone coordinate, while for quasi PDFs, the ordinary Minkowski coordinates are used. In the light-cone coordinate system, a vector a is expressed as a = (a + , a − , a ⊥ ) = ((a 0 + a 3 )/ √ 2, (a 0 − a 3 )/ √ 2, a 1 , a 2 ). We also have In the case of unpolarized gluon distribution in the nucleon, the corresponding light cone distribution is defined as [45] xf g/H (x, µ 2 ) = dξ
The covariant derivation is defined as
. In LaMET, the quasidistributions are introduced, which can be calculated directly on the lattice. The unpolarized quark quasidistribution is defined as [4] 
where x = k z /P z with the nucleon momentum P z . All the fields are at ξ 0 = t = 0 and lie along the ξ 3 = z direction. Correspondingly, the γ + is replaced by γ z in the expression. The above quantity is non-local and time-independent, which can be simulated on the lattice for any P z ≪ 1/a, where a is the lattice spacing.
According to the similar extension, the unpolarized gluon quasidistribution can be defined as [4, 8] 
where µ sums over the transverse components. The parton gauge link (Wilson line) is defined along the z direction
For gluon quasidistribution, the gauge link is in adjoint representation. Through the definitions of PDFs, one can obtain
and
by exchanging the two quark or gluon fields in the operator definitions.q andq are the light-cone and quasi distributions of anti-quark.
In the infinite momentum limit, the nucleon can be viewed as a beam of free partons. Employing the language of quantum field theory, the hard parts of parton quasidistributions and standard distributions can be calculated order by order. The nonperturbative parts of quasidistributions can be calculated on the lattice. Thus we can evaluate the light cone distributions through the matching condition between the quasidistributions and standard distributions. In LaMET, the standard distribution and quasidistribution are connected by the factorization formulã
B. Feynman rules for gluon quasidistribution function
In the following, we will calculate the gluon quasidistributions in Feynman gauge. The gauge link W (z, 0) can be divided into two parts
then a half of the matrix element can be written as
It is obvious that the coupling between the abelian part of field strength tensor and gauge link, and the non-Abelian part of field strength tensor can be reorganized and described by one single Feynman rule. Expanding Eq. (12) to O(g 1 ) in the momentum space will directly lead to the Feynman rule, which is shown in the left panel of Fig. 1 . The coupling between eikonal line and gluon is shown in the right panel of Fig. 1 . 
C. Cut-off scheme
In Feynman gauge, the one-loop diagrams for gluon distribution are depicted in Fig. 2 and Fig. 3 . The vertexes from gauge link and non-abelian contributions are incorporated. The gluon mass is introduced to regulate the infrared divergences, and we will use the cut-off scheme to regulate the UV divergences.
The one-loop correction can be generally expressed as
where δC (1) gg (Λ, P z ) accounts for the virtual correction andf (1) g/g (x, Λ, P z ) denotes the real correction.
The contribution from Fig. 2 
A straightforward calculation yields the quasi PDF
and the light-cone PDF
In the above,f g/g and f g/g are quasi and light-cone distributions respectively. One can find that, the infrared divergences, which are regularized as logarithms of m 2 g , are the same in Eqs. (15) and (16) . It indicates that the quasi and light-cone distributions have the same infrared structure, and the LaMET factorization holds for the gluon case at one-loop level. The quasi distribution has non-zero values in the region x > 1 and x < 0, while the light-cone distribution is zero in these regions. The infrared divergence of quasi distribution only exists in the region 0 < x < 1.
A few remarks on the above results are given in order.
• From the amplitude for Fig. 2(a) given in Eq. (14) , one can see that the gluon field strength tensor contributes with a factor k, and the three gluon vertex also contributes with a k. The k z integration is determined by the δ function, and thus this amplitude is proportional to
For the light-cone PDF, one finds that this linear divergence is proportional to n 2 + which vanishes.
• One can notice that, in light-cone distribution, the UV divergence is logarithmic, while quasi distribution suffers a linear power UV divergence. This will bring an obstacle in the Lattice calculation and need to be properly renormalized. In fact, the linear power divergences have already been discussed in quasi quark distribution, but they only show up in the real diagram where the two pieces of gauge link are connected by a gluon line. Based on this fact, a small mass counter term of gauge link is introduced to deal with the divergence [31, 35, 38] . However, in the gluon case, the linear power divergence appears in Eq. (15) and has nothing to do with the Wilson line. It indicates that linear power UV divergence in gluon case must be treated in a different approach. For Figs. 2(b) and (c) where the gluon gauge link participate in, the linear divergence exists as well. Results for these diagrams will be arranged to appendix A.
• A more severe difficulty in applying the UV cut-off scheme to quasi gluon distribution comes from self-energy diagram Fig. (3a) . It is well known that the cut-off scheme for the vacuum polarization will suffer quadratic divergence, even in QED. The source of this divergence is that an UV cut-off will break the gauge symmetry.
In the following, we will perform our calculation in DR scheme. However, it would be valuable to find out a cut-off scheme respecting the gauge invariance when calculating in lattice perturbation theory.
• We have checked that if the index µ also runs over the time component, i.e. µ = 0, 1, 2, the results for the quasi-PDF are linearly divergent as well.
• We should note that there are also contributions from the "crossed" diagrams, which can be obtained by exchanging the two gluon lines entering the non-local vertex. They give non-zero contributions to light-cone distribution in the region −1 < x < 0, and for quasi distribution, they contribute to the region x > 0, −1 < x < 0, and x < −1. The "crossed" diagrams and their contributions are not explicitly shown in this work, since their contributions can be easily derived by using Eq. (7).
III. ONE-LOOP RESULTS FOR PARTON QUASIDISTRIBUTIONS AND LIGHT CONE DISTRIBUTIONS IN DIMENSIONAL REGULARIZATION
In the literature, the matching of quark quasi-PDF has been performed in both cut-off and dimensional regularization schemes. The calculation in MS scheme is meaningful to the discussions on the multiplicative renormalizability of quasi-PDF [30] and the nonperturbative renormalization in RI/MOM scheme [48] [49] [50] [51] [52] . For these reasons we think that it is also valuable to perform perturbative calculation in DR scheme for gluon quasi PDF, just like the case for quark quasi distribution. Besides, it is also convenient to derive the P z evolution equations in DR scheme. We also note that lattice collaborations had already performed a few calculations on the lattice and some promising results are obtained [39, 40] , without a renormalization of the linear divergence. Therefore, even the problem of linear ultraviolet divergences is unsolved at present, studying the matching of gluon quasidistribution function in MS scheme shall still provide some information to simulate the gluon PDF on the lattice.
In the following we will present our one-loop calculation for quasi and light-cone distributions of quark and gluon. In the calculation, we will work in the Feynman gauge and adopt the dimensional regularization to regularize the UV divergence. The infrared divergence will be regularized by a small gluon mass m g . distributions, there are also "crossed" diagrams, which can be obtained by exchanging the two quark lines connecting to the non-local vertex. These diagrams can be explained as one-loop corrections to quasi and light-cone distributions of anti-quark. According to Eq. (7), one can immediately recover the anti-quark distributions.
We will calculate the one-loop real corrections to quasi and light-cone quark distributions diagram by diagram. Therein, Fig. 4 (a) gives the amplitudẽ
which leads tof
For the light-cone PDF, we have
The second and third diagrams have the identical result
The contributions to quasi PDFs are derived as:
While for the light-cone PDF, we have
which corresponds tof
The light-cone PDF receives no contribution from this diagram since n 2 ≡ n 2 + = 0:
Next we will calculate the virtual corrections, where their conjugate diagrams contributions are included. The quark self energy diagram will give
and 
and thus
The corrections for light-cone PDF are
Fig. 5(c) gives the amplitudẽ
Corrections to quasi-PDF are then derived as
and for the light-cone, it is again vanishing
B. Gluon in gluon
The Feynman diagrams for one-loop corrections to gluon quasi and light-cone distributions have been shown in Fig. 2 and Fig. 3 , where the diagrams in Fig. 2 are for real corrections and the diagrams in Fig. 3 are for virtual corrections.
For the real corrections, we havẽ
which leads tõ
and Fig. 2(d) gives
and the correction to light-cone PDF is 
The amplitude givesf
and Now we turn to the one-loop virtual corrections. Fig. 3(a) and its conjugate diagram are just the vacuum polarization diagrams of QCD. The black disk denotes the four diagrams which contribute to the gluon self-energy, and these diagrams are shown in Fig. 6 . For light-cone PDF, it reads δC (1) gg (subtracted) Fig.3(a) = α s 4π
where n f is the active quark flavor numbers. The UV divergence is subtracted in the MS scheme. For quasi PDF, it contributes
before the UV subtraction. As we have shown in the last section, there is noμ dependence but P z in the real corrections of quasi PDFs. Therefore, we fix the scaleμ to P z in self-energy correction of the external gluon line and subtract the UV pole. Such a procedure yields 
Including its conjugate diagram, we have
For light-cone PDF we have 
This diagram and its conjugate diagram contribute
For light-cone PDF, we have vanishing results:
According to Eq. (7), the contributions from the "crossed" diagrams can be derived by replacing x with −x and multiplying an additional factor (−1). The gluon in quark distribution function is shown in Fig. 7 , which gives
The results for quasi PDF read
while for light-cone one, we have
The contributions from the "crossed" diagrams can be derived by using Eq. (7).
D. Quark in gluon
The quark in gluon distribution function is shown in Fig. 8 , which contributes tõ
The result reads For light-cone distribution, the result is
The contributions from "crossed" diagrams can be derived by using Eq. (7).
E. Matching
In this subsection we perform the matching between the quasi and light-cone PDFs. According to LaMET, if the factorization theorem holds at the leading power of µ/P z , we expect a matching equation as
where ξ ≡ x/y, and i, j denotes the involved parton such as quark q and gluon g. To perform the perturbative matching, one should first replace the hadron with a parton k. Thenf i/k (x, P z ), f j/k (y, µ) and the matching function Z ij (ξ, µ/P z ) can be calculated in perturbation theory. They can be expanded as series of α s
where
are the tree-level distributions. At the order O(α 0 s ), we have Z (0)
Then we calculate the matching coefficient Z 
and then we obtain
Eq. (64) implies that, the one loop correction to the matching function Z ik (ξ, µ/P z ), can be derived by taking the difference of the one-loop quasi and LC PDFs. With the one-loop corrections calculated in Sec. III, we have
The above one loop matching factor for quark to quark is equivalent to the result of Ref. [6] . Note that there is a little difference if one directly use the result of Ref. [6] , since therein a cut-off scheme is employed to regularize the UV divergence while a small quark mass is employed to regularize the collinear divergence. The quark to gluon and gluon to quark ones are given as
The gluon to gluon matching function is given as
Now we consider the contribution from the "crossed" diagrams. As we have discussed in Sec. III, "crossed" diagrams give non-zero contribution to light-cone distributions in −1 < x < 0, and to quasi distributions in x > 0, −1 < x < 0 and x < −1. The contribution from the "uncrossed" and "crossed" diagrams can be related by Eq. (7). For quark, the "crossed" diagrams can be explained as corrections to anti-quark distributions. By replacing x with −x and y with −y in Eq. (60), one can immediately finds that the corrections from "crossed" diagrams share the same matching function Z(x/y, µ/P z ). Then, the matching equation Eq. (60) can be extended tõ
In this equation, the light-cone distributions have non-zero support in −1 < x < 1. The anti-quark distributions are also included.
F. P z evolution equations
From the matching equation Eq. (60) we can derive the evolution equations with P z . Notice that the light-cone PDFs is independent of P z , one can take the derivative of left and right hand sides of Eq. (60) with ln P z , which
whereP i←j (ξ) ≡ d ln Z ij (x/y, µ/P z )/d ln P z is the evolution kernel, and ξ ≡ x/y. With the matching functions calculated in the last subsection, we obtain the evolution equations at one loop level as follows:
where the evolution kernels areP
Here β 0 = (11C A − 2n f )/3. The P z evolution equations of quasi distributions are just the DGLAP equations for the light-cone parton distribution functions [46] .
IV. CONCLUSIONS
In this work, we have investigated the unpolarized gluon quasidistribution function in the nucleon at one loop level in the large momentum effective theory. To regularize the ultraviolet divergences, we have adopted the cut-off scheme and the dimensional regularization scheme, while two schemes with finite gluon mass or the offshellness are used to regulate the infrared divergences. In addition to the ordinary quark and gluon distribution functions, we have also studied the quark to gluon and gluon to quark contributions.
When studying the quark quasidistribution in the cut-off scheme, one can find that power law ultraviolet divergences arise in the nonlocal operator and they all are subjected to the Wilson lines. On the contrary in the gluon quasidistribution, we have pointed out in this work that the linear ultraviolet divergences also exist in the real diagram without connecting to the Wilson line. The one loop matching factors between the parton quasi and light cone distribution functions have been derived. Through the simulation on the lattice of the parton quasidistributions, one can finally obtain the nonperturbative information of the parton distributions. At last, we have studied the P z evolution equation for the quasi parton distribution functions, and found that the P z evolution kernels are identical to the DGLAP kernels.
National In this appendix, we will present the one-loop results for the parton quasi (light cone) distribution functions at the cut-off scheme.
We first take Fig. 2(a) as an example to illustrate the calculation in UV cut-off scheme. By contracting the Lorentz and color indices for Eq. (14), and integrating out the delta function at the non-local vertex, we have the contributioñ
The two dominators are given as
The integral in Eq. (A1) can be reduced to five scalar integrals:
To calculate these integrals, we perform the Feynman parametrization, and then integrate over k 0 by using the residue theorem. The remaining integral is the integral over transverse momentum k ⊥ . The possible UV divergence is regularized by introducing a cut off Λ on the transverse momentum. The last step is to integrate over the Feynman parameter. Through the above procedure, we arrive at
One can find that the integrals I 2,3,5 are UV finite, but I 1 and I 4 are linearly divergent. With these integrals, we finally arrive at Eq. (15), which are linearly divergent as well.
The results for Fig. 2(b) and Fig. 2 (c) are given as
, 0 < x < 1 (A10) Fig. 2(d) givesf
to quasi gluon distribution. For light-cone PDF we have 
to quasi gluon distribution. For light-cone PDF, these diagrams vanish since n 2 + = 0:
At last we discuss Fig. 3(a) , the vacuum polarization diagram of QCD. Due to the Ward identity, the one-loop two-point green function of gluon should be transversely polarized. However, it is well known that a cut-off on the momentum integral breaks the gauge invariance. When the cut-off is imposed on all of the four components of the loop integral, it will lead to a quadratic divergence; when the cut-off is imposed on the transverse momentum integral, which is the case of this work (integrating out "0" component by using residue theorem and keeping z component unintegrated), it will lead to a linear divergence. To evaluate Fig. 3(a) correctly, a cut-off scheme respecting the gauge invariance is needed, instead of a naive cut-off. This implies the linear divergence in the real corrections, as shown in the above, is a consequence of breaking the gauge invariance in the cut-off. For this reason, we can not have reasonable results for Fig. 3(a) at present.
Appendix B: Integrals in dimensional regularization
In dimensional regularization scheme, the space-time dimension is shifted from d = 4 to d = 4 − 2ǫ. However, as we will see below, the real corrections to quasi PDFs is finite in DR scheme.
Again we will briefly demonstrate the calculation method by taking Fig. 2(a) as an example. By contracting the Lorentz indices for Eq. (14), and integrating out the delta function at the non-local vertex, we havẽ
We denote the two dominators as
The integral can be reduced to five scalar integrals, which are
To calculate these integrals, we perform the Feynman parametrization, then integrate over k 0 by using the residue theorem. After that, we integrate over the transverse momentum k ⊥ in 2 − 2ǫ dimensions. At last, the Feynman parameter y is integrated out.
When integrating over k ⊥ the following formula is useful:
We should note that this formula is valid only when Re (n − D/2) > 0. For a linearly divergent integral, n − D/2 = −1/2 < 0, this formula is not valid. However, under the spirit of analytical continuation, one can assign a finite value to a linearly divergent integral by using Eq. (B4). With such analytical continuation, the linearly divergent integrals I 1 and I 4 are finite in the dimensional regularization scheme. Therefore, the final result of Fig. 2(a) is finite as well.
Quark in quark
For quark quasi and light-cone PDFs, we havẽ
and f
q/q (x, µ) which is the same to the result in Ref. [47] . For quasi distribution, we have δ C For quark-to-gluon splitting functions, we have
